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Abstract 

Let J'{X) be the set of finite nonempty subsets of a set X. We 
have found the necessary and sufficient conditions under which for 
a given function r : J-{X) M there is an ultrametric on X such 
that t{A) = diamA for every A G T{X). For finite nondegener- 
ate ultrametric spaces (X, d) it is shown that X together with the 
subset of diametrical pairs of points of X forms a complete A;-partite 
graph, k ^ 2, and, conversely, every finite complete /c-partite graph 
with k ^ 2 can be obtained by this way. We use this result to 
characterize the finite ultrametric spaces {X, d) having the minimal 
caid{{x,y) : d{x,y) = diamX, x,y & X} for given cardX. 
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1 Introduction 

A metric space {X, d) is ultrametric if the following ultrametric inequality 

d{x, y) = d{x, z) V d{z^ y) 

holds for all x,y, z G X, where we put 

d{x, z) V d{z, y) = ma.x{d{x, z), d{z, y)}. 

The ultrametric spaces and, in particular, the finite ultrametric spaces 
play an important role for the modern physics, data analysis, mathematical 
taxonomy and many others branches of the knowledge (see, for example, [Ij). 
In particular, the following fact seems to be fundamental in the theory of 
hierarchical models: 

Theorem 1.1 (see |l2j). For every dendrogram V (= nested family of par- 
titions) over a finite set X there is an ultrametric d on X representing this 
V. 
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We do not define more exactly the sense of tlie word "representing" in 
Tlieorem 11.11 but note tliat tlie "dual form" of this theorem will be given in 
Theorem 13.111 below. 

There exist also the significant relations between (finite) ultrametric 
spaces and many mathematical constructions. The well known example 
is the canonical representation of finite ultrametric spaces by the weighted 
rooted trees. Note that this representation can be generalized for the case of 
representation of quasi-ultrametric finite spaces by the weighted digraphs, 
[3]. It is also shown in [3] that finite ultrametric spaces can be viewed as 
A;-person positional games. An isomorphism of categories of ultrametric 
spaces and complete, atomic, tree-like, real graduated lattices was proved 
in H]. 

Some basic results in the theory of (finite) ultrametric spaces were ob- 
tained quite recently. The isometry groups of finite ultrametric spaces are 
completely characterized in |[5j. A set of necessary and sufficient conditions 
under which the Cartesian products of metric spaces are ultrametric was 
found in [5]. The counterpart of Gromov-Hausdorff metric in the ultra- 
metric spaces was studied in [7], [S]. The infinitesimal structure of pointed 
metric spaces having ultrametric "tangent" spaces was described in [9]. 

In the present paper we solve the following two problems. 

Let {X, p) be a metric space and let ^ be a subset of X. Recall that the 
diameter of A is the quantity 

diamA = sup{p{x,y) : x,y E A}. 

We shall say that a two-element subset {a, b} of A is a p-diametrical pair 
for A if p(a, b) = diamA. Write M := {-oo, oo), M+ := [0, oo) and T{Y) for 
the set of all nonempty finite subsets of a set Y. 

(a) Under what conditions on a function r : J-'{Y) — t- M there is an 
ultrametric p : Y x Y ^ such that 

diamA = t{A) 

for every A G J^{Y)7 

(b) Characterize the structure of simple graphs G = (V, E) for which 
there is an ultrametric p defined on the vertex set V such that the edge set 
E coincides with the set of p-diametrical pairs. 

2 Diameter in ultrametric spaces 

The following theorem describes the characteristic properties of diameters 
of finite subsets in ultrametric spaces. 
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Theorem 2.1. Let X be a nonempty set. The following two statements are 
equivalent for every function r : J^{X) — )■ M. 

(i) For all A,B,C G J^{X) the function r satisfies the conditions: 
(ii) {t{A) = 0) ^ (card A = 1); 

r(AUfi) ^ r(AUC) Vr(Cu5). (2.1) 
(ii) There is an ultrametric p : X x X ^ such that 

T{A) = diamA (2.2) 

for every A G J^{X) . 

Remark 2.2. Conditions (ii) and (i2) are closely related to the similar 
conditions from the paper of P. Balk [TO]. In fact, Balk's paper was a 
starting point in our consideration. 

Remark 2.3. Let (ii) hold. Properties (ii) and (12) imply that the map 
r : J-'{X) — )■ M is isotonic and nonnegative. Indeed, substituting of A for B 
into (12. ip we see that 

r(A) ^ r(C) 

if y4 C C. Putting A = {c} in the last inequality, where c is an arbitrary 
element of C, and using (ii) we obtain r(C) ^ for C G J-'(X). 

Proof of Theorem \2.1\ (ii)^(i). Let p be an ultrametric on X such that 

r(A)=diamA, Ae7{X). 
Property (ii) is evident. To prove (12) suppose that 



It implies 



max p(x, -u) = maxp(x, -u). 



diam(74 U -B) = maxp(x, y) ^ max p{x,z) 



^ max p(x, z) V max p(y, z) = diam(A U C) V diam(C U B). 

x,z£AuC y,zeBUC 

Similarly we obtain (12.11) if max p{x,z) = max p{x,y). 

x,y(iAyjB ^,y&B 

Suppose now that max p(x, y) = max p(x, y) = p{a, h) where a G 

x,yi^AvjB xGA,yeB 

A, b E B. Then for every c G C we have 

diam(y4 U B) = max p{x, y) = p{a, b) ^ p(a, c) V p(6, c) 

x£A,y(iB 



^ max p{x,z)\/ max p(?/, ^ diam(y4 U C) V diam(C U 5). 

Property {12) follows. 

(i)^(ii). Let r : J^{X) — t- R be a function satisfying (ii) and (12). Let 
us define a function p on X x X by the rule 

p{x,y) := T{{x,y}), x,y E X 

where {x, y} is the set with the elements x and y. Property (ii) implies that 
p{x, = if and only if x = y. Moreover, p is nonnegative (see Remark 
I2.3p . The ultrametric inequality p{a, b) ^ p{a, c) V p(c, b) follows from (12. ip 
with A = {a}, B = {b} and C = {c}. Thus, p is an ultrametric. It still 
remains to prove (12. 2p for A G ^(X) with card A > 3. Let A = {xi, . . . , 
Then for j = 1, . . . , n we obtain 

t{A) = t{{xi, . . . , Xn-l} U {Xn}) ^ t{{xi, . . . , U {Xj}) V T{{Xn, Xj}) 

= r({xi, . . . y p{Xn,Xj) ^ r({xi, . . . ,a;„_i}) V ( maxp(x„, Xj)). 

The repetition of this procedure gives 

t{A) ^ \J p{xi,Xj) = diamA. 



As was shown in Remark 12.31 r is an isotonic map. Consequently, if Xi,Xj 
is a diametrical pair of points of A, then 

t{A) ^ T{{xi,Xj}) = p{xi,Xj) = diam A. 

Thus, ([21]) holds for every A G T{X). □ 



Remark 2.4. The second part of Theorem 12.11 shows, in particular, that 
for every function r : -7^(X) — > M satisfying (ii)-(ii2) there is a unique 
ultrametric p : X x X — t- IR+ such that p{x,y) = T{{x,y}) for all x,y E X. 



Theorem 12.11 can be generalized to the case of functions r defined also 
on infinite subsets of X. 

Let 2)(X) be the set of nonempty subsets of X. 

Theorem 2.5. The following two statements are equivalent for every func- 
tion r : 2)(X) ^ M. 

(i) For all A,B,C G 2)(X) the function r satisfies conditions (ii) and 
("h) from Theorem 2.1 and the following condition 
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t{A) ^ sup{r(5) : B E T{A)}. 



(2.3) 



{a) There is an ultrametric p : X x X — )■ R+ such that t{A) = diam74 for 
every A G 2)(X). 

This theorem can be obtained as a consequence of Theorem 12. II Indeed, 
since J^{X) C 2)(X), condition (i) of Theorem 12.51 imphes condition (i) of 
Theorem 12.11 Consequently, the restriction T\jr(^x) is a diameter of finite 
sets for some ultrametric p : X x X — )■ M+. If card A = oo, then the 
equality t{A) = diamA follows from the same equality with card A < oo 
by application of condition (ia). The details of the proof we leave to the 
reader. 

Example 2.6. Let X be an infinite set. Define a function r : 2)(X) — )■ M 

as 

{0 if card A = 1, 
1 if 1 < cardA < oo, 
2 if card A = oo. 

It is easy to prove that condition (is) does not hold but (ii) and (12) take 
place for this r. Thus, (ii) and (12) do not imply (ia). 

The key property of ultrametric spaces is that their balls are either 
disjoint or comparable w.r.t. the set-theoretic inclusion. Let us extend this 
property to the "balls" in J-'(X). Let r be a real- valued function on J^{X) 
satisfying (ii) and (12). For r > and A G ^(X) define a "closed" ball 



with a center A and radius r. 

The following properties are evident: 

• Br{A) = if and only if r < t{A); 

• Every nonempty subset C of the set A belongs to the ball Br{A) if 
this ball is nonempty; 



Proposition 2.7. Let X be a nonempty set and r : J-'{X) — )■ R 6e a 
function satisfying condition (i) of Theorem \2.1[ Then for every ball Br{A) 
and every C G ^(X) we have 



B,{A) := {C G J^(X) : r{A U C) ^ r} 



(2.4) 



Br{C) = Br (A) 



(2.5) 
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if C E Br{A), furthermore, for each pair Br^{Ai), Br2{A2) with ri ^ r2 we 
have either 

BrMl) n BrM2) = or BrM2) ^ (2.6) 

Proof. Let C belong to Br{A). To prove the inclusion 

Br{C) C Br{A) (2.7) 

suppose that Y G Br{C), i.e. t{Y U C) ^ r. Since C G -Br(^), we have 
t{A UC) ^ r. Using (ia) we obtain r(A U F) ^ t{A U C) V r((:7 U F). 
Consequently, t{A U Y) ^ r holds, so (12. 7p follows. To prove ( 12. 5 p it 
remains to show that 

BriA) C S,(C). (2.8) 
For every Z G -Br(^) we have the inequality 

t{A UZ) ^r. (2.9) 

Since C G Br {A), we also obtain 

r(AUC)^r. (2.10) 

Inequalities (12. 9p . (I2.10p and condition (ii) imply 

r(C U Z) ^ r(C U A) V r(A U Z) ^ r V r = r. 

Thus Z G 5,.(C), that implies (M . 

Suppose now that i?,.-^(yli) and i?r2(^2) be some balls such that Vi ^ r2. 
If firi(^i) n ^..^(Aa) ^ 0, then there is C G Br,{Ai) fl (^2). As we 
already know, the equalities Br^{Ai) = Br^{C) and 5.^2(^42) = Br^iC) hold. 
Consequently, the inequality ri ^ r2 implies (12. 6p . □ 

Using Proposition 12.71 and the characteristic property of bases for topo- 
logical spaces p. 21] we see that the family 

B(X) := {Br{A) : A G -F(X),r ^ t{A)} 

is a base for some topology on J-'(X). It is well known that the family of 
closed balls in each ultrametric space forms a clopen base for the space, but, 
in general, it is not the case for the base B(X). 

Indeed, suppose that a, b, c, d are some points of X such that 

r({a, b}) < r({c, d}) = sup{r(A) : A G J^{X)} (2.11) 
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and the ball 

BrA{a,b}), n ■.= T{{a,b}) 

is closed in the topology generated by the base B(X). The inequality 
in fl2ll]) and ([231) imply 

{c,d}eJ^{X)\Br,{{a,b}). 

By the supposition the set J^{X)\Bj.^{{a, b}) is open. Since B(X) is a base, 
there is Br^iA) e B{X) such that 

{c,d} e BrM) ^ HX)\Br,{{a,b}). (2.12) 

By Proposition \2.7\ we have the equality Br^iA) = ({c, c?}). The small- 
est r e R"*" for which {c,d} G Br{{c,d}) equals r({c, d}). Consequently, 
the inequality r2 ^ ^{{0, d}) holds. The last inequality and the inclusion 
in fl232|) show that 

{a,b}^Br,i{c,d}) (2.13) 

where := r({c, c?}). The equality in (12. lip and (12. 4p imply A G Br^{{c, d}) 
for every A G J-'(X), contrary to (I2.13p . 

3 Diametrical pairs of points in ultrametric 
spaces 

To formulate the main results of the present section we recall the basic 
definitions from the graph theory (see [12j for all terms that will be used 
without explicit formulations). 

A graph G is an ordered pair (V, E) consisting of a set = V{G) of 
vertices and aset E = E{G) of edges. In this paper we consider only simple 
graphs, so each edge is an unordered pair of distinct vertices and E{G) is a 
set of two-element subsets of V{G). 

Definition 3.1. Let G be a simple graph and let k be a cardinal number. 
The graph G is k-partite if the vertex set V{G) can be partitioned into k 
nonvoid disjoint subsets, or parts, in such a way that no edge has both 
ends in the same part. A k-partite graph is complete if any two vertices in 
different parts are adjacent. 

We shall say that G is a complete multipartite graph if there is /c ^ 1 
such that G is complete /c-partite, cf. [T3| p. 14]. 

Remark 3.2. It is easy to see that 1-partite graph G is empty in the sense 
that no two vertices are adjacent. 
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To simplify the formulations we consider the cases of finite and infinite 
ultrametric spaces separately. 

Theorem 3.3. Let {X, p) he an ultrametric space with cardX = oo and let 
G he a graph such that V{G) = X and 

{{u,v} G E{G)) is a p- diametrical pair of points for X). (3.1) 

Then G is complete multipartite graph. Conversely, if G = (V, E) is a 
complete multipartite graph with cardV" = oo, then there is an ultrametric 
p : V X V ^ such that E is the set of p- diametrical pairs of points for 
V. 

Theorem 3.4. Let {X,p) he an ultrametric space with 2 ^ cardX < oo 
and let G he a graph such that V{G) = X and condition holds. Then 

G is a complete k-partite graph with k ^2. Conversely, if G = {V,E) is a 
finite (caidV < oo) complete multipartite graph with k ^ 2, then there is 
an ultrametric p : V xV ^ such that E is the set of p-diametrical pairs 
of points for V. 

The proof of these theorems based on the following three lemmas. 

Lemma 3.5. Let {X,p) he an ultrametric space with cardX ^ 2. Let us 
define the binary relation = on X hy the rule 

{x = y) ^ {p{x,y) < diamX). (3.2) 

Then = is an equivalence relation on X . 

Proof. It is evident that = is symmetric and reflexive. Suppose now that we 
have X = y and y = z for x,y,z G X. Then, by the ultrametric inequality, 
we obtain. 

p{x, z) ^ p{x, y) V p(y, z) < (diamX) V (diamX) = diamX. 
Hence, = is transitive. Thus, = is an equivalence relation. □ 

Let us recall that the complement G of a graph G = (V, E) is a graph 
whose vertex set is V and whose edges are the pairs of distinct nonadjacent 
vertices of G. 

Lemma 3.6. Let G = {V, E) he a graph. The following properties are 
equivalent: 

(i) G is a complete multipartite graph; 
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(a) Every connected component of the complement G is a complete graph. 

Proof. Suppose G is a complete multipartite graph. Let {Yi : i G X} be 
a partition of the vertex set V with an index set X such that the proper- 
ties described in Definition 13.11 hold. Let u,v E V, u ^ v. Then u and 
V are adjacent in G if they belong to the same part Yi and nonadjacent 
in the opposite case. Hence, for every i G X the subgraph of G induced 
by Yi is a connected component of G and this component is a complete 
graph. Implication (i)^(ii) follows. The proof of implication (ii)^(i) is 
also straightforward and we omit this here. □ 

Lemma 3.7. Let X be a nonempty set and let = be an equivalence relation 
on X. If card X = oo, then there is an ultrametric p : X x X ^ M"*" such 
that holds. For finite X with cardX ^ 2, an ultrametric p : X x X ^ 
R"*" satisfying 2\) exists if and only if the relation = is different from the 
universal relation {{x,y) : x,y & X}. 

Proof. Consider first the case where cardX = oo. If = is the universal 
relation on X, then every ultrametric p : X x X — > satisfying the 
inequality 

p{x,y) < diamX (3.3) 

for all x,y & X satisfies also (13. 2p . Suppose that = is different from the 
universal relation, then the partition of the set X on the equivalence classes 

{y:y = x}, xGX 

contains more than one class. Let us define a function p on X x X as 

{0 ifx = y, 
\ \ixi-y widx = y, (3.4) 
1 \ix^y. 

We claim that p is an ultrametric on X and (13. 2p holds for this p. To prove 
that p is an ultrametric it is suffice to show that 

p(x, z) ^ p(x, y) V p{y, z) (3.5) 

for pairwise distinct x,y, z & X. The proof is very simple. Since x, y and z 
are pairwise distinct, inequality (13. 5p does not hold if and only if p{x,z) = 1 
and p{x,y) = p{y,z) = |. Hence, by (13. 4p . we obtain 

X ^ z, X = y and y = z, 
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contrary to the transitivity of =. Suppose now that cardX < oo. If there 
is an uhrametric p : X x X — > such that fl3.2p holds, then using the 
finiteness of X we can find x,y & X such that 

p(x, y) = diamX. 

Consequently, = is different from the universal relation. The remaining 
part of the proof can be obtained by a repetition of the arguments given 
above. □ 

Remark 3.8. In the proof of Lemma [3.71 we use the existence of an ultra- 
metric p satisfying (13. 3 p for all x,y & X. The "explicit" construction of such 
type metric for arbitrary card X we shall give in Example 13.101 

Proof of Theorem Let {X, p) be an ultrametric space, card X = oo and 
let G be a graph with V{G) = X and E{G) defined by (13. ip . By Lemma [3l6| 
G is complete multipartite if every connected component of G is complete. 
If X and y are distinct points, then 

{{x,y} G E(G)) ^ {{x,y} i E{G)) ^ {p{x,y) < diamX) ^ {x = y), 

(see (13. 2p ). By Lemma 13.5^ the relation = is an equivalence on X. The 
equivalence classes induced by = form the set of the connected components 
of G. All these components are complete because = is transitive. 

Conversely, if G = (V, E) is a complete multipartite graph with card V = 
oo, then, by Lemma 13. 6^ every connected component of G is a complete 
graph. Let us define the relation = on V as 

[x = y) {x and y belong to the same connected component of G) . 

Since every component is complete, the relation = is an equivalence relation 
on V. By Lemma 13. 7[ there is an ultrametric p : V x V such that 

(x = y) 4^ {p{x,y) < diamV) 

for x,y & V. Consequently, we obtain 

(x^y)^ i{x,y} E E{G)) ^ {{x,y} E E{G)) ^ {p{x,y) = diam^). 
Thus, E{G) is the set of p-diametrical pairs of {V,p). □ 

Theorem 13.41 can be proved in much the same way as Theorem 13.31 

Remark 3.9. The second part of Lemma [3.71 is. in fact, a special partic- 
ular case of Theorem 11.11 Lemma 13.61 provides a transition of results from 
complete multipartite graphs to equivalence relations and back. 
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Let {X, d) be a nonempty metric space. Following paper we shall 
say that the set 

Spec(X, d) = {d{x,y) : x,y E X} 

is the spectrum of (X, d). 

Let y4 be a subset of M.~^. If G A, then there is an ultrametric space 
{X,p) such that Spec(X, p) = A. This result was proved in [14J by the 
following elegant method. Define d : A x A ^ M+, setting 

d(-^y) = { otherwi;e ^^''^ 

Then [A, d) is an ultrametric space and Spec(74, d) = A. 

Using ultrametric (13. 6p we can simply fill the gap in the proof of 
Lemma [3.71 mentioned in Remark 13.81 



Example 3.10. Let X be an infinite set, Ac a countable infinite subset of 
X, A a. countable infinite subset of M"*", E A, 

snpA^A (3.7) 

and let /: Ac — 7- A be a bijection. For an arbitrary e > define a function 
p : X X X ^ M+ as 

' if X = y, 

e ii X ^ y and x,y E X\Ac, 
p{x,y) := < e + d{f {x)J{y)) if x 7^ ?/ and x, ?/ e A^, (3.8) 
e + f {x) if X G Ac and y G X\Ac, 
e + f {y) if X G X\Ac and y e A^ 

where d is defined by (13.61) . It is simple to see that p is symmetric and 
nonnegative. To prove the ultrametric inequality it is sufficient to show 
that 

p{x,y) ^ p{x,z)V p{z,y) (3.9) 

for X G Ac, y G X\y4c and x ^ z ^ y. Using these relations, (13. 6p and (13. 8p 
we obtain 

p(x, ?/) = £: + /(x), p(x, z) ^ £ + /(x) and p{z,y)'^e, 

so (|3.9p follows. Hence, p is an ultrametric. 

Note that (13. 8p and (13. 7p imply (13.31) . Lemma [3.71 is completely proved 
now. 

Using the idea of spectrum of ultrametric spaces we can give the follow- 
ing "dual form" of Theorem 11.11 
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Theorem 3.11. Let X be a finite set of points, cardX ^ 2, n be an integer 
number, 1 ^ n ^ cardX — 1, and let {Gi, be a set of complete 
multipartite graphs with V{Gi) = ... = V{Gn) = X satisfying the following 
conditions: 

(11) Gi is complete and Gn is nonempty in the sense that {x,?/} G E{Gi) 
for all distinct x,y & X and E{Gn) 7^ 0; 

(12) E{Gi+i) is a proper subset of E{Gi) for i = 1, ...,n — 1. 
Then there is an ultrametric space {X, p) with 

Spec(X, p) = {ao, ai, a„}, = < cti < ... < a„, (3.10) 

such that for x,y E X 

{{x,y}eE{G,))^{p{x,y)^ai), i = l,...,n. (3.11) 

Conversely, if {X, p) is an ultrametric space with spectrum /li3.1U\) and if 
{Gi, ...,Gn} is a set of graphs such that V{Gi) = ... = V{Gn) = X 
and licl.ll]) holds, then all Gi are complete multipartite graphs meeting con- 
ditions (ii) and (12). 

This theorem hes beyond our considerations of diameters in ultrametric 
spaces so we omit the proof here. 

4 Finite ultrametric spaces with minimal sets 
of diametrical pairs of points 

Let (X, d) be a nonempty finite ultrametric space. Let us denote by DP(X) 
the set of all ordered pairs {x,y), x,y & X, for which d{x,y) = diamX, 
i.e. 

DP(X) = {{x,y) eX xX : d{x,y) = diamX}. 

It is almost evident that the set DP(X) cannot be a "small" subset of 
X X X. In this section we describe finite ultrametric spaces {X, d) for 
which card DP (X) is smallest among all ultrametric spaces having the same 
number of elements. 

We start from the following simple example. 
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Example 4.1. Let {X, d) be a nonempty ultrametric space, let a be a point 
such that a ^ X and let t be a real number for which diamX < t. Write 
Xa := X U {a} and define 

{d{x,y) iix,yeX, 
iix = y = a, 
t iixGX,y = aoTyEX,x = a. 

It is easy to see that {Xa, da) is an ultrametric space and 

{da{x, y) = diamXa) ((x = a and y G X) or (?/ = a and x G X)) 

and cardDP(Xa) = 2 card X. 

Theorem 4.2. Let (X, p) be a finite ultrametric space with cardX ^ 2. 
Then the inequality 

cardDP(X) ^ 2(cardX - 1) (4.1) 

holds. Equality in is attained if and only if there is an ultrametric 

space {Y,d) such that (X, p) is isometric to (Ya,da)- 

We divided the proof of Theorem 14.21 into next two lemmas. 

Lemma 4.3. Let (X, p) be a finite ultrametric space withcaidX ^ 2. Then 
inequality holds. 

Proof. Let Xi and X2 be fixed points of X such that p{xi,X2) = diamX. 
The ultrametric inequality implies that p{xi,y) = diamX or p{x2,y) = 
diamX for every y G X\{xi,X2}. Consequently, the number of diametrical 
pairs of points is greater or equal than 1 + card(X\{a;i, 0:2}) = cardX — 1. 
Inequality (14.11) follows. □ 

Lemma 4.4. Let (X, p) be a finite ultrametric space with cardX ^ 2. // 

cardDP(X) = 2(cardX - 1), (4.2) 
then there is xq E X such that 

diamX = p(xo, x) (4.3) 
for every x G X\{xo} and diamX > p{x,y) for allx,y G X\{xo}. 
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Proof. Suppose that fl4.2p holds. By Theorem 13.41 the set X together with 
the set of p-diametrical pairs of points form a complete fc-partite graph G 
with k ^ 2. We must show that G is bipartite {k = 2) with a bipartition 

Xi U Xa = X, Xi n X2 = (4.4) 

such that cardXi = 1 or cardXa = 1. Let Xi,...,Xjt be a partition of 
X = V{G). Write 

mj = cardXj, i = l,...,k 

k 

and n = cardX. If A; ^ 3, then using Lemma [4.31 and the equality ^ = 

1=2 

n — nil we obtain 



k 

rrii 

i=l i=2 i=2 



card DP{X) = mj(n — rrii) > mi{n — mi) + mj(n — ; 



= mi(n — nil) + {n — nii){n — {n — mi)) ^ 2{n — 1). 

Hence, (14. 2p does not hold if /c ^ 3. Thus, k = 2, i.e. G is a complete 
bipartite graph. Let us consider bipartition (14.41) . Then n = mi + m2 and 

card DP(X) = mi{n — mi) + m2{n — ma) = 2mi(n — mi). 

Using (14. 2 p we obtain 

2{n - mi)mi = 2{n - 1). (4.5) 

Quadratic equation (14. 5 p has the roots 1 and n — 1. Thus, cardXi = 1 or 
cardXa = 1 as required. □ 



Theorem 14.21 can be reformulated in the graph theory language. 

Corollary 4.5. Let G = (y,E) be a finite complete k-partite graph with 
k ^ 2. Then 

card E ^ card y - 1. (4.6) 
Equality in lji4-6\ ) is attained if and only if G is a star. 
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